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In Lorentz violating quantum electrodynamics (QED) it is known that a radiatively induced 
Chern-Simons term appears in the effective action for the gauge field, which is finite but undeter- 
mined. This ambiguity is shown to be absent in a condensed matter realization of such a theory in 
Weyl semi-metals due to the existence of a full microscopic model from which this effective theory 
emerges. Physically observable consequences such as birefringence are also discussed in this scenario. 



I. INTRODUCTION 

Historically, bridges between high energy theories and 
condensed matter phenomena have proven very useful for 
both communities^, the renormalization group being pos- 
sibly the hallmark of such a symbiosis^. More recently, 
with the advent of low dimensional electronic systems 
such as graphene, desc ribed by a 2+1 dimensional mass- 
less Dirac equation^, there exists the real possibility to 
explore low dimensional field theories and compare them 
to actual experiments. For instance, it was predicted 
that the low energy field theory describing electrons in 
graphene, being a renormalizable theory, would generate 
a flow of the Fermi velocity, the only bare parameter of 
the theory, towards a free theory in the infrarecP, a fact 
confirmed by experiment very recently^. Other appeal- 
ing directions regarding graphene include field theories 
in curved spaces^ and Schwinger pair productiorP. 
Even more recently, topological field theories have en- 
countered novel physical realizations in materials generi- 
cally dubbed as topological insulators^HE] w hich are bulk 
insulators that have 2+1 Dirac fermions on the surface. 
These materials have enabled the theoretical possibility 
of realizing axion electrodynamics^ in conde nsed matter 
systems and other axion related phenomen a 13 ! 1 I More 
importantly, superconducting versions of these materials 
have been suggested as the root for obtaining an effective 
realization of the elusive Majorana fermion^, which can 
open new routes towards quantum computation^. 
In this work I will put forward an example of Lorentz 
violating QED that can be realized with a novel class of 
materials known as Weyl semi- 

metalfPMl With the ap- 
propriate choice of parameters, these systems of materials 
can host low energy quasiparticles which are described by 
the Weyl equations. In the general case however, the low 
energy quasiparticles are well described by the 3+1 mas- 
sive Dirac equation. Concretely, as will be shown below, 
the effective low energy theory resembles a relativistic 
field theory which can be then modified with appropri- 
ate perturbations, so as to take the form of a Lorentz 
violating version of QED, described by the following ac- 
tion: 



S = / da?V (i$ -m- hs - e4) i>, (1) 



with being a constant four vector. In condensed mat- 
ter, this is not the first example o f such a theory, being 
3 He a particularly fruitful example^ 1 * 21 * 22 !. 
In high energy physics, particularly in the context of po- 
tential extensions to the standard model, the possibility 
of a violation of Lorentz symmetries in QED of the form 
([I]) has been subject of intense theoretical research over 
more than a decade now^HUl. Although it seems th at our 
universe is to a very high accuracy Lorentz invariant! 23 ! 26 !, 
finding a coherent formulation of Lorentz violating QED 
seems to be chall enging a nd has generated a very active 
theoretical debate^-* 25 * 27 * ^. In particular from the be- 
ginning it was realized^ that an action of the form ([I]) 
generated a Chern Simons term in the effective action for 
the electromagnetic gauge field of the form ^k tl F^ 1 ' A v 
where F^ v — t^ vp(T F pa . Intriguingly, the coefficient of 
this term turns to be finite but undetermined^. Ever 
since, there has been considerable theoretical work in or- 
der to clarify this issue under sever al p erspectives. On 
the one hand Fujikawa type analysis^, as well as other 
non perturbative (in b) considerations^ provided evi- 
dence in fa vour of the ambiguity, whenever the theory 
was massive^lSZI. On the other hand, several works have 
suggested under different symmetry and causality con- 
siderations that there is no room for such a correction 
and that it should vanisrpn 35 | 38 | 39 l A representative list 
of possible realizations of can be found irP3. 
In this work, making use of the condensed matter re- 
alization of such a theory in the context of Weyl semi- 
metals, it is shown that a finite and determined value of 
the radiatively induced Chern Simons term can be fixed 
unambiguously. In this case, this is possible owing to 
the fact that a high energy theory exists for this par- 
ticular system^, originated in the microscopic model of 
the Weyl semi-metal, that enables to determine an un- 
ambiguous value of kfj,. 

The paper is structured as follows. In section [n] the ex- 
act connection between a low energy description of Weyl 
semi-metals and Lorentz violating QED will be estab- 
lished. Then, in section |TlI| the radiatively induced Chern 
Simons term will be derived making emphasis on the pe- 
culiarities of this particular condensed matter system. In 
section |IV| the microscopic theory will be reviewed to 
fix the uncertainty in the low energy theory. Since the 
Chern Simons term modifies Maxwell's equations inside 
this material in section [V] some physical implications of 
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FIG. 1: Illustrative picture of a system that realizes the 
Weyl semi-metal phase at low energies: a periodic array of 
alternating normal (N) and topological insulators (TI^l The 
various parameters of the model are shown schematically: A s 
is the hopping of an electron to a different surface within 
the same layer, Ad controls the hopping of an electron to a 
different layer, d is the spacing between topological insulator 
layers and the symbol i labels the layers. 



this term such as birefringence will be discussed. Finally 
the main conclusions are presented in section |VI| 



II. 



EMERGENCE OF LORENTZ VIOLATING 
QED IN WEYL SEMI-METALS 



In order to understand how the ambiguity affecting ra- 
diative correction is resolved in this context, it is neces- 
sary to understand precisely how the action ([I]) is realized 
from a microscopic model. This section is thus devoted 
to provide a pedagogical and self contained introduction 
to a particular model of Weyl semi-metals^ which will 
realize the mentioned action with the minimum number 

of fcrmionic species. 

Due to the Nielsen Ninomiya theorenJ 40 * 41 !, only an even 
number of fermions can emerge from a lattice model. To 
achieve the Weyl semi-metal phase with the minimum 
number of fermionic species (two), consider, as originally 
proposed by Burkov and Barents 1 ^, a periodic array of al- 
ternating topological insulators and ordinary insulators 
as shown schematically in Fig. [T] Topological insulators 
(Tl) are 3+1 bulk insulators th at po sses 2+1 dimensional 
Dirac fermions at each surface^E] described by the ef- 
fective low energy Hamiltonian: 



H = V [v F r z ® (z X <t) • kj_] 4 c kl 



k 



(2) 



where <x = (a x ,a y ) represents the spin subspace, v F is 
the Fermi velocity and kj_ = (k x ,k y ) and z is a unitary 
vector along the growth direction chosen arbitrarily to be 
in the z direction. The t subspace selects at which sur- 
face the two species of Dirac fermions live. The operators 
c kj_ ( c ki) create (annihilate) quasiparticles at momenta 
kj^. Note that the two species of 2+1 Dirac fermions 
are realized, one at each surface, in concordance to the 
Nielsen Ninomiya theorem. They can be thought of as 
the two species or "valleys" realized in graphene, with 



the pseudospin being here the real spin. 
When the Tl are sufficiently thin, the two surfaces can 
couple through a hopping amplitude A s which enters the 
Hamiltonian as: 



Ha s = ^2 [A s t x ® l a ] ci ± c k± , 

kj_ ,i 



(3) 



where 1 CT is the identity matrix in spin subspace. In order 
to couple different surfaces it is necessary to introduce 
a label i that indicates to which layer the electron is 
hopping to. If the hopping amplitude is governed by a 
parameter A d then the coupling between different layers 
takes the form: 

H Ad = ^2 [A D T + S iJ+1 + A D T~5ij-i] <gs lacl ± i c k± ,j,(4) 

kj_ ,i 

where = — (t x ± ir y ). The full Hamiltonian then 
reads: 

H 



k A 



[v f t z <g> (z x er) • k.±6 it j + A s t x <g> l a Si d (5) 



+ A D (r+Si j+i + A d t Sij-i) 
Fourier transforming i = 



z ik z Ri wnere 



R m = dm with m an integer and d being the spacing 
between the layers, the Hamiltonian is diagonalized in 
momentum space: 



H 



E 



\v f t z ® (z x er) • k ± + A(k z ) cl ± k ^c k±tkz ,(6) 



where A(k z ) = A s t x <E> l a + A D (j + e ih * d + r e 
l a . To make the connection with Weyl fermions consider 
a low energy theory of such a system. The Hamiltonian 
^ has two doubly degenerate eigenvalues given by: 

4 = v 2 F (k 2 x + k 2 y ) + A 2 S +A 2 D + 2A S A D cos(k z d). (7) 

Expanding near k z = ir/d one obtains: 



-ik z d\ 



vl(kl + kl) + (A 



d 2 A s A D k 2 z , (8) 



where the third momentum is redefined to be k z — ir/d — > 
k z . This Hamiltonian corresponds to a massive 3+1 
Dirac fermion at point k = (0, 0,n/d) of the Brillouin 
zone: 

H = [vft z (z x a) ■ k ± + (A s -A d )t x <Ei 1^(9) 



+ d^A s A D k Z Ty (g) l CT ]c] cXife2! Ck X ,fe s , 

with dispersion relation: 



e±(k) = ±Jv%(k% + hi) + v\k\ + m 2 , 



(10) 



where v% = d 2 A s Ao and m 2 — (A s — Ad) 2 - The Hamil- 
tonian (|9l) can be recast in a more familiar form: 



H = (a l ki+/3m) ^k, 



(11) 
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where i = 1,2,3, ipk — c k ± .k z and the matrices a (fol- 
lowing the traditional notation for a Dirac Hamiltonian) 



arc defined as a>i = vpT z ® a y , a-i — —VpT z 



and 



Q!3 = vpTy §5 lcr where the Fermi velocities vp are pro- 
visionally included inside the definition. A small devi- 
ation from A s /A£) = ±1 defines the fourth matrix to 
be (3 = t x ® 1 CT . Note in particular that at the crit- 
ical line A s /A£> = ±1 the quasiparticles are governed 
by the Weyl equations, where the four component spinor 
decouples into a pair of two-component Weyl spinors, 
giving name to the Weyl semi-metal. Away from this 
critical line, the system is a gapped insulator defined by 
the Hamiltonian (11). 



With this Hamiltonian in mind, it is possible to write the 
effective action for the system, which resembles a QED 
like action, but this time for effective quasiparticles inside 
the material: 



S = 



d 4 k 
(2^ 



4> k (7 M M^r-m) i/> k , 



(12) 



where it is convenient to introduce the diagonal ma- 
trix = diag(l, vf,vf,vf) to adequately manage the 
anisotropic Fermi velocities. The exact relation between 
7 and a and /3 can be obtained with the usual procedure, 
and it is detailed in appendix |A") 

In view of the action |l2| , and postponing for the end 
of this section the discussion concerning Lorentz invari- 
ance, a natural question arises: is it possible to introduce 
a term of the form 'tp^-f^ip to reproduce an action that re- 
sembles 0? The answer, is indeed affirmative. Doping 
these materials with magnetic impurities breaks time re- 
versal symmetry^ and introduces a term of the form: 



y^mi e ^i T 

k 



cr^V'k 



(13) 



which in the 7 matrix representation is nothing but 
V'7 3 fr37sV' ( see appendix |a| for details). The presence of 
this term opens a gap of size m lc at the surface of each TI 
layer. Physically, this term can be understood as arising 
from a magnetization determined by the density of mag- 
netic impurities. For sufficiently weak magnetizations, 
the magnetic field only couples to the surface states as a 
Zeeman field, which for the massless 2+1 Dirac fermions 
at the surface is exactly a mass term that opens a gap 
at the surface, being the size of the m\ c proportional to 
the magnetization. Experimentally, it was confirmed in 
ReP^that for the topological insulator Bi2Se3, the mag- 
nitude of the gap increases with the impurity density and 
can be as large as 60meV for a concentration of 0.12 Fe 
impurities per Bi atom. 

Similarly, irP it was shown that if an inversion breaking 
spin orbit coupling term is allowed, it has the form: 



k'y ' 



(14) 



bo = A in this system is still unknown. However, it can 
still be expected to be large since all TI have intrinsically 
a large spin orbit coupling which is precisely a necessary 
ingredient for their topological nature. Note as well that 
A in this model is assumed to be an independent param- 
eter and therefore can be either larger or smaller than m. 
With these two terms we finally arrive to the action: 



S 



dk 4 

W) 



(15) 



When coupled to an electromagnetic gauge field, this ac- 
tion is the condensed matter analogue of a Lorent z vio- 
lating QED with a CPT violating term given by ((TpiES 
and constitutes both the starting point and the first re- 
sult of this work. 

It is evident that this action, arising from a condensed 
matter system, breaks Lorentz invariance even without 
the term proportional to b, due to the appearance of the 
matrix M^ v in the action, which is in a way a trivial 
violation of the symmetry. As it will be shown below, 
the consequences of the CPT violating term tpfij^tp are 
much more profound, and so they will be the focus of the 
following sections. 



III. RADIATIVELY INDUCED CHERN-SIMONS 
TERM 



As in ordinary QED, the coupling to the external gauge 
field is determined through a term of the form j^A^, 
where ju is the current operator, defined by the free 
fermionic action. In this case the current operator is 
defined in terms of M^ v containing the Fermi velocities: 



f = M^ k7 a V>k 



(16) 



Consider now the quantum expectation value for such 
a current operator. To one loop, it is defined by the 
polarization of the photon li^ and it is given by 



M\M V ^A V . 



(17) 



In terms of Feynman diagrams, U a ^ is the analogous to 
the QED photon bubble with the only difference that the 
fermionic propagator is G(fc, b) given by: 



G(k,b) 



jk — m — $75 



(18) 



The integral determining is given by an appropri- 
ate generalization of the one loop vacuum polarization 
diagram: 



In this case, this corresponds exactly to a term of the 
form ipj boj5ip. Unfortunately, the precise value of 



v%v F 



dk 4 

W) 



: Tr{7^G(fc,6) 7 l/ G , (A:+p',5)}.(19) 
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As before, the prefactor a 1 - stems from a rescaling where C is an finite but undetermined constant) 25 ! 28 ! 29 !. 



of the momenta with the corresponding Fermi veloci- 
ties and = M fl IJ p L/ is the rescaled external four- 
momentum vector. Once established this connection be- 
tween Lorentz violating QED and Weyl semi-metals it 
is straightforward to calculate the odd part of ( 19 1 non 
perturbatively in b following for instance RefPP: 



Introducing (20 1 into (17) one obtains the response of 



the Weyl semi-metal to an external electromagnetic field 
in the presence of both spin orbit coupling, given by bo 
and magnetic impurities governed by 63: 



ix odd 



— e 



VpV F 



Ppba 



C 



C- 



2tt 2 



1 - 



_ if - b 2 < m 2 

(20) 



b 2 



if - b 2 > 



jl-' — AJV Jiff 



v 2 F v F 



- Ji v t Pp°o 



c 
c 



2tt 2 



b 2 



if - b 2 < m 2 



if - b 2 > m 2 



(21) 



This is itself a novel result in the context of Weyl semi- 
metals being a non perturbative calculation in both the 
spin orbit coupling and the magnetic impurity strength. 
However, it is necessary to fix the constant C in order 
to argue that this is the physical response of the system. 
This issue is addressed in detail in the next section. 



IV. FIXING THE AMBIGUITY 



which this conductivity can also be calculated. As it will 
now be shown, a consistent matching of these two theo- 
ries will imply that C = 0. 

As a starting point consider the limit of decoupled layers 
where A s A^. In this case, the Hall conductivity is 
determined by the Hall conductivity of the two massive 
2+1 Dirac fermions at each surface of the topological in- 
sulator and it is proportional to the sum of the signs of 
the masses of each fermionic species^ 



As introduce d in the first sec tion and argued by many 
preceding wor kjM12512Z Pi | 34 |35] under very different ap- 
proaches, the constant C is finite and undetermined. It 
depends strongly on the regularization method used. It 
is only in the mass less case, that this constant is fixed 
unambiguously^^. This ambiguity in the context of 
Weyl semi-metals seems at least paradoxical, since this 
constant defines physically measurable observables such 
as the conductivity, which I proceed to discuss. 
Consider for example a constant electric field in the y 
direction. The Hall conductivity, is defined as the off 
diagonal part of the proportionality tensor between the 
current and the electric field: 



f = <J xy E v 



(22) 



and can be measured in transport experiments. If b 
(0, 0, 0, 63) setting /1 = x in (plj) gives: 



C 



if b 2 3 < m 2 



Jodd - —E„b. 
v F 




y3) C-^Jl-'^r if b 2 >m 2 



(23) 



= <? XV Ey, 



Does this result imply that the Hall conductivity is am- 
biguous in these materials? The answer turns out to be 
negative owing to the fact that there is a microscopic 
model, or in other words, a high energy theory, from 



a 2D = T-JI sign ( mi )' 



(24) 



where the sum i runs over all fermionic species, in this 
case two. In this limit, Hamiltonian ^ together with the 
&3 perturbation is independent of k z and it is that of two 
2+1 massive Dirac fermions with masses rri2D = i>3±A s . 
Whenever 63 < A s is satisfied ct^d van ishes and so does 
a xy . Comparing this result with the corresponding case 



&3 < m in (231 one is forced to set: 



C =0. 

WSM 



(25) 



This is the central result of this work since this constant 
is precisely the one that enters the odd part of the polar- 
ization tensor ( 20 ) that determines the response of Weyl 



semi-metals to an external electromagnetic field. 
A second argument, perhaps physically more transpar- 
ent, comes by introducing a finite A^. In this case, 
there is a set of 2 + 1 massive Dirac hamiltonians with 
masses which depend parametrically with k z . Thus, only 
at certain values of the vector k z the Hall conductiv- 
ity vani shes. The 2D Hall conductivity is now a step 
f unc tiorPIM 



T 2D = 7^ ( fc ° ~ l 7F / rf ~ k z 



(26) 
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where ko is the separation in k space between the two 
Dirac fermions given by: 



«o = — arccos 
a 



1 



,2 1 



2A S A D 



(27) 



The integral over the whole Brillouin zone defines de con- 
ductivity through: 



*/* dk z 



ir/d 



2tt 



XL] 

7 2D 



2 fco 



7th 



(28) 



The conductivity is proportional to the separation of 
the Dirac Fermions in the reciprocal space, a result first 



proven irP^l To compare with (|23j) it is necessary to ex- 
pand (27) near b\ ~ m 2 which is the case of the low 



energy theory. This gives a Hall conductivity of: 



e 2 k 



nh irh d^/A D A s 



b 2 



(29) 



Restoring h and using that v~f — dy/ A]jA s it is straight- 
forward to see that (23) reproduces this result only if 
C = in agreement with ( 25 ) . The microscopic the- 



ory, which considered the whole Brillouin zone in the k z 
direction has fixed the value of the arbitrary but finite 
constant generated in the low energy theory to be zero. 
As it turns out, having a lattice model from which the 
low energy theory is derived regularizes the theory to fix 
the ambiguity. 

A final comment is in order. With this analysis it has 
been proven that a zero Hall conductivity for the lattice 
model would always imply a zero Hall conductivity cal- 
culated within the low energy effective field theory and 
fixes C — 0. However, the inverse statement is not al- 
ways true. This means that, if one calculates a non zero 
Hall conductivity in the lattice model, it might be propor- 
tional to a lattice vector gJ^S, a result which the effective 
low energy field theory approach will never obtain. One 
can check with a similar analysis to the one described 
above that this is indeed the case for Hamiltonian ([6| 
when 6 3 > A s + A^pD. 



V. PHYSICAL CONSEQUENCES 

I now turn to discuss measurable physical consequences 
derived from this theory. As it is well known, the com- 
plete polarizability n^ 1 " modifies Maxwell's equations in- 
side the material and will govern the electrodynamic re- 
sponse of this system. Its even part Ii^ v will define the 
dielectric function and the magnetic permeability of the 
material while its odd part will add novel terms which 
will drastically modify the response of the material to 
an external perturbation. Integrating out fermions the 
effective action for the gauge field inside the material is: 



A WA 

(2tt) 4 M e v 



1 



(30) 



where 



v 2 F v F 



I - 



b 2 



W is defined by (201 when- 



-b 2 > m 2 and zero otherwise and F^ v 



e^P a k'A u . 



This action is known to generate a modified version of 
Maxwell's equation^, although in this case it is neces- 
sary to keep track of the anisotropic Fermi velocity. For 
the case where only 63 is non zero it is possible to write 
a clean set of Maxwell equations given by: 



V D 

V B 

V x E 

V x H 



4irp — v F s 
0, 

1 <9B 

~c~dt 7 
. <9D 



B, 



v F s x E, 



(31) 
(32) 

(33) 
(34) 



where now — (0, 0, 0, S3) and the v 2 F coefficient is fixed 
by ( 23 1 . Note the similarity between these equations and 
the ones corresponding to axion electrodynamics^ which 
could be realized in topological insulators^. As in topo- 
logical insulators, the novel terms in the equations of mo- 
tions give rise to new physical phenomena. 
Consider as an example, light propagation in a Weyl 
semi- metal system described by (31)- (34). From the 
source free (p = 0,j = 0) equations it is easy to derive 
the following wave equation inside the Weyl semi-metal: 



V 2 E 



1 d 2 E 



• V (V • E) = u|s X 



dE 

at"' 



(35) 



where fi ~ 1 is assumed being satisfied in a wide range 
of frequencies and c w = 1/y/e is the velocity of light 
inside Weyl semi-metals. Following^, it is possible to 
derive the dispersion relation that photons entering the 
Weyl semi-metal should satisfy: 



2/2 
>J F [U) 



k 2 )sl = (v 2 F k 3 s 3 ) 2 , (36) 



which characterize a birefringent media that in this ap- 
proximation is due entirely to the induced Chern-Simons 
term. Birrefrengence of this kind will be generic to all 
Weyl semi-metals phases that posses a term of the form 
independent of the particular microscopic model 
that realizes such a phase, an in particular, on the ex- 
trinsic details of the lattice model. An observation of 
birefringence with light of sufficiently long wavelength 
would provide an experimental measurement of the con- 
stant C . For example, linearly polarized light entering 
such a medium will leave it in the form of elliptically po- 
larized light. 

The action (30) can potentially host other interest- 
ing physical phenomena. One very appealing possibil- 
ity is that these materials, in analogy with topological 
insulators^, could posses a repulsive Casimir effect which 
might be suppressed but still exist in anisotropic materi- 
als like the ones described here^. 

Finally, the coupling between magnetic and electric 



() 



degrees of freedom can enable routes towards explor- 
ing exotic phenomena similar to the effective magnetic 
monopoles possible in axion electrodynamics^ and chi- 
ral gauge fields^. 



VI. CONCLUSIONS 

In this work the emergence of a Lorentz violating QED 
in the novel class of materials known as Weyl semi-metals 
was explored in detail. It was found that Weyl semi- 
metals in the presence of magnetic impurities and spin 
orbit coupling realize a Lorentz violating version of QED 
with a term of the form ^fyy^rj). The electromagnetic re- 
sponse of such a system includes a radiatively induced 
Chern Simons term in the effective action for the electro- 
magnetic gauge field of the form ^k^F^A^ defined by 
the odd part of the photon self energy II^ d . This correc- 
tion to the photon self energy is finite but undetermined, 
also in the low energy theory of Weyl semi-metals. How- 
ever, it has been shown that in this system it is possible 
to fix the ambiguity due to the existence of a microscopic 
model from which this result can be derived. The com- 
parison between these two approaches fixes the value for 
the constant that parametrizes the uncertainty (C) to 
zero for this system. 

Although in this case, the finite value of C turns to be 
zero, it is in principle possible that other Weyl semi- 
metals might realize other values. In particular, the most 
favourable situation would be that where a Weyl semi- 
metal phase is realized on the border of an anomalous 
Hall phase so that there is a finite Hall conductivity on 
both sides of such a transition described by an equa- 
tion of the form of ( p0| . This situation is realized in 
this model although here, the anomalous Hall conduc- 
tivity is proportional to a lattice vector^ and will never 
appear in a low energy description such as the one pre- 
sented in this work. The analysis presented here can be 



applied to other more sop histicated examples of Weyl 
semi-metal systemJ^^H to determine whether C = 
is a generic feature in condensed matter systems as sug- 
gested by topological arguments^!. 

In addition to the finite and unambiguous result deter- 
mined by ( 20 ) with C = 0, the formulation in terms of a 



Lorentz violating QED of the low energy theory of Weyl 
semi-metals enables to perform calculations non pertur- 
batively both in the spin orbit coupling and the magnetic 
impurity strength. 

Finally, it has been shown that when — b 2 > m the coeffi- 
cient enters the effective Maxwell equations inside the 
material, substantially modifying the electrodynamics of 
the system. In particular the new terms proportional to 
6 M will give rise to birefringence when light enters the 
material. Being a condensed matter system, an observa- 
tion of such a birefringence is a feasible experiment, in 
contrast to conventional astrophysical observations which 
strongly constrain the observability of Lorentz violating 
QED phenomena. More exotic scenarios derived from 
the modified Maxwell equations, such as the stationary 
magnetic order proposed irP^l, could be realized in these 
types of systems, although they will only occur in the 
situation where C ^ which will produce the right form 
of electromagnetic solutions. 
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Appendix A: Matrix definitions: 

In this appendix, all the definitions for the matrices 
used in the main text are reviewed. The Hamiltonian 
matrices are denned to be: 
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Oil = T Z <g> Oy 

a 2 = -t z <g> <J X 

«5 = -Tz ® 0"z = (3aia 2 a 3 . 

To construct a low energy effective field theory action 
the following dictionary can be used, following the usual 
convention for the 7 matrices. 

H (k) = ipla l k i i()k = tfkPafkiipk = -rpkfh^k 

H m (k) = miplpi/jk = mipk4>k 

H„ llc (k) = m lc tpll T <g> a z ipk 

= m lc ipli/3a 3 a 5 ^k = &3^k7375V>k 

Hx(k) = X^\.T y ® a z tpk 

= -\if>li/3a 5 ipk = -&oV'k7o75V'k 



which define 7, = j3ai, 70 = j3 and 75 = —if3ct5, 63 = 
m c i and bo = A. 



